arXiv: 1501.00461 v3 [math.PR] 14Jul2015 


Multidimensional quadratic BSDEs with separated generators 


Asgar Jamneshan* Michael Kupper Peng LucJ 

July 2015 


Abstract 

We consider multidimensional quadratic BSDEs with generators which can be separated into 
a coupled and an uncoupled part which allows to analyse the degree of coupling of the system in 
terms of the growth coefficients. We provide conditions on the relationship between the size of 
the terminal condition and the degree of coupling which guarantee existence and uniqueness of 
solutions. 
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1 Introduction 

Backward stochastic differential equations (BSDEs) were introduced by Bismut [I]. A BSDE is an 
equation of the form 

g(s,Y s ,Z s )ds-J Z s dW s , t £ [0, T\, (1) 

where VP is a d-dimensional Brownian motion, the terminal condition £ is an n-dimensional random 
variable, and g : Q x [0, T] x 1™ x K nxd —> K” is the generator. A solution consists of a pair 
of predictable processes (Y, Z) with values in R” and W nxd , called the value and control process, 
respectively. The first existence and uniqueness result for BSDEs with an L 2 -terminal condition and 
a generator satisfying a Lipschitz growth condition is due to Pardoux and Peng [14] . In case that the 
generator satisfies a quadratic growth condition in the control z , the situation is more involved and 
a general existence theory does not exist. Frei and dos Reis [5] and Frei [5] provide counterexamples 
which show that multidimensional quadratic BSDEs may fail to have a global solution. In the one¬ 
dimensional case the existence of quadratic BSDE was shown by Kobylanski [12] for bounded terminal 
conditions, and by Briand and Hu m for unbounded terminal conditions. Solvability results for 
superquadratic BSDEs are discussed in Delbaen et al. ]I7], see also Masiero and Richou H], Richou 
[T5] and Cheridito and Nam [3]. 

The focus of the present work lies on multidimensional quadratic BSDEs, which naturally arise 
in equilibrium pricing models in financial mathematics. In case that the terminal condition is small 
enough the existence and uniqueness of a solution was first shown by Tevzadze |T6|. Cheridito and 
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Nam [6] and Hu and Tang [10] obtain local solvability on [T — e, T] for some e > 0 of systems of 
BSDEs with subquadratic generators and diagonally quadratic generators respectively, which under 
additional assumptions on the generator can be extended to global solutions. Cheridito and Nam 
[6] provide solvability for Markovian quadratic BSDEs and projectable quadratic BSDEs . Frei [8| 
introduced the notion of split solution and studied the existence of multidimensional quadratic BSDEs 
by considering a special kind of terminal condition. In Bahlali et al. [2| existence is shown when the 
generator g(s,y,z) is strictly subquadratic in z and satisfies some monotonicity condition. 

For the sake of illustration of our results we consider the following system of quadratic BSDEs: 


Y, 1 = e + e^zji 2 + ^\z 2 s \ 2 ds 



( 2 ) 


where t £ [0,T], £* £ L°° and 0,,$* £ R, i = 1,2. In the case that $i = $2 = 0, the system © 
reduces to decoupled one-dimensional quadratic BSDEs, which by Kobylanski m have solutions for 
every terminal conditions £* £ L°° and 8i £ R, i = 1,2. Moreover, by Tevzadze [16] the system (| 2 |) 
has a solution whenever the terminal conditions l; 1 and £ 2 are small enough. In the present work we 
give two different sets of conditions on the interplay between the parameters 6 l , fl l and the terminal 
conditions i = 1 , 2 , which guarantee the solvability of system © in Section 2. For instance, given 
9 l and £* the system © has a solution if |i?*| is small enough for i = 1, 2. To the best of our knowledge 
there is no literature which can answer this question. 

The general case is treated in Section 3. We consider generators which can be separated into two 
parts: the coupled and the uncoupled part. We use the growth coefficients of the coupled part to 
characterize the degree of the coupling. In the first step of the construction of the solution we view 
the coupled part as a parameter and solve in Lemma lA.il a 1-dimensional quadratic BSDE by means 
of Theorem 2 in [3]. This leads to a bounded set of candidate solutions where the value process is 
uniformly bounded and the control process is bounded in BMO. These bounds in combination with 
our conditions on the interplay between the parameters allow in a second step to apply Banach’s fixed 
point theorem. If the generator is independent of the value process, the method allows to consider 
unbounded terminal conditions. 

The paper is organized as follows. In Section 2, we state our setting and main results for coupled 
systems with partial dependence. Section 3 is devoted to fully coupled systems. We present an 
auxiliary result for 1-dimensional quadratic BSDEs in Appendix A, and recall some properties of 
BMO martingales in Appendix B. 


2 Coupled systems with partial dependence 

Fix a real number T > 0, and let ( Wt)t>o be a d-dimensional Brownian motion on a complete 
probability space (B, J 7 , P). Let (Pt)t >0 be the augmented filtration generated by the Brownian motion 
W. For two real numbers a, b > 0, the minimum and maximum of a and b are denoted by af\b and aWb 
respectively. The Euclidean norm is denoted by | • | and we denote by || • ||oo the L°°-norm. We assume 
that Tt = P and denote by V the predictable er-algebra on B x [0, T\. Inequalities and equalities 
between random variables and processes are understood in the P-almost sure and P <S) dt-almost sure 
sense respectively. For p £ [l,oo) and m,n £ N = {1,2,...}, we denote by S p (R m ) the space of 
R m -valued predictable and continuous processes X with ||X||^ P := £ , [(sup te r 0T i |A}|) P ] < 00 , and by 

"H P (R”) the space of R” xd -valued predictable processes Z with ||^||^ P := E[(f^ \Z u \ 2 du) p / 2 ] < 00 . 
For a suitable integrand Z , we denote by Z ■ W the stochastic integral (} ( * Z u dW u ) tG [ 0 T] of Z with 


2 




respect to W. Let iS°°(R ra ) denote the space of all n-dimensional continuous adapted processes such 
that 

Halloo := II sup lYtlHoo < oo. 

0 <t<T 

Let T be the set of stopping times with values in [0,T]. 

By a solution we mean a pair of predictable processes (Y, Z) such that dTJ holds and t Y t is 
continuous, 1 1 -> Z t belongs to L 2 ([0,T]) and t g(t,Y t ,Z t ) belongs to L 1 ([0,T]) P-a.s.. 

In the following, we give two existence results for the system © under two different conditions on 
the interplay between terminal conditions and coefficients. We assume $1 ^ 0, 0. 

Theorem 2.1 If 6\ = 62 = 0 and suppose that 

( 1 ) 8i^iniL<nioo, 8i^irii^<nioo, 

(a) 16|$i|||£ 2 ||oo < 1, 16|1? 2 |Halloo < 1, 

then the system © admits a unnjue solution (T, Z ] such that is bounded and || Z 'VF|| B j\./(o ^ 2||£ 11cxu 
and || Z 2 ■ W\\bmo < 2||f 2 || 00 . 

Proof. For any z ■ W £ BMO , it holds J Q T |z s | 2 <is £ L 2 . Fix i = 1, 2. By [TU Lemma 2.1], the BSDE 

Yf = C + J t WZ'fds-J ZidWs, te[0,T], (3) 

admits a unique solution ( Y l ,Z l ) £ <S 2 (K) x "H 2 (M d ). For t £ [0,T], taking conditional expectation 
with respect to Tt, one obtains 


Yf=E 

f + f di\z s \ 2 ds 

1 

£ 


Jt 



and thus 

\y;\< \\e\\oo + mz-w\\ 2 BMo- 

By Ito’s formula, it holds 


|T/| 2 + [ T \Zl\ 2 ds = |f | 2 + [ T Y:\z s \ 2 ds - 2 [ T YlZ\dW s . 

Jt Jt Jt 

Taking conditional expectation with respect to J~t yields 


’ r T 



r T 


J t |Z:|2 

T t 

< E 

\?\ 2 + MiJ y s %\ 2 ds 

Tt 


< \\e\\l+w\(\\e\\oo + mz-w\\ 2 BM 0 )E 


' r T 


J \z s \ 2 ds 

Ft 


Hence 


II Z* ■ w\\% MO < Ilf IIL + 2|^|||f lloolk • W\\ 2 bmo + m 2 \\z ■ W\\% mo . 

Let M = {(f, 2 2 ) : ||f-W|| BM o< 2||f|| 00 ,||z 2 -W|| SM o <211^1100}. For {z\z 2 ) £ M, define 
I{z 1 ,z 2 ) = (Z 1 ,^ 2 ), where Z 1 is the second component of the solution of © when z is replaced by 
z 2 for i = 1, and z 1 for i = 2. By assumption (i), it is easy to check that I maps M into itself. 
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For (z^z 2 ),^ 1 ,* 2 ) <E M, let ( Z\Z 2 ) = I(z\z 2 ), (Z 1 , Z 2 ) = I{z\z 2 ). Denote SZ i = Z i - Z\ 
Sz l = z i - z\ 6Y l =Y i -Y i for i= 1,2. Since 


SYt = [ (*? + zi) 6z?ds - ^ SZldW s 


it follows from Ito’s formula that 
r T 


I SY^+f \8Z 1 s \ 2 ds = 2d 1 f 6Y s 1 (z 2 + z 2 )8z 2 ds-2 [ Y^8Z l s dW s . 
Jt Jt Jt 

Taking conditional expectation with respect to ft and using 2ab < \a 2 + 4b 2 , one has 


\SY?\ 2 +E 
Noting that 

1 


f \5Zl\ 2 ds 

ft 

Jt 



< i ll^ 1 llL + 4|^i| 2 J E 2 


(\ z s\ + l~?l) I dz 2 \ds 


ft 


2 (II^IIL + WSZ 1 ■ Wf BMO ) < II^IIL V II 6Z 1 ■ W\\ 2 bmo 


< esssup ||<LF r 1 | 2 + E J \5Z 1 \ 2 ds\f T | 


it follows from Holder’s inequality and 2ab < a 2 + b 2 that 

r T 


W5Z 1 ■ W\\ 2 bmo < 8|^i| 2 ess sup FI 2 

rer 


(I 


z 2 \ + |z 2 |) \5z 2 \ds 


f 


< 16|-1?11 2 (I|z 2 • W II BMO + IN 2 ■ W\\ 2 B mo) ll^ 2 • W^IIbmo 

<md x \ 2 \\e\\io¥z 2 -w\\ 2 bmo . 


Similarly, one obtains 


ll^ 2 • w\\ 2 bmo < mi^ni^iife 1 • w \\ 2 bmo . 

By assumption (ii), / is a contraction. ■ 

Theorem 2.2 If 0 \ >0 and 02 > 0 and suppose that 

(i) 46»i|tfi|e 2e2 H£ 2 H“ < 91, 46> 2 |'!?2|e 2Sl| l« 1 H- < 0\, 

(ii) 8L4c||^i| 2 e 2e2 ^ 2 H“ < c\0\ and SZ^clli^pe 201 ^ 1 ^"’ < c\6 2 , 

where La is given bv Lemma \B. 3 [ Ci . ct (resp. ci. Co ) are given bv Lemma \B. 2 \ for K equals to 2e Sl ^ 1 W°° 
(resp. 2e S2 ^ 2 ^°°). 

Then the system © admits a unique solution (Y, Z) such that Y is bounded and WZ 1 ■ VF||bmo ^ 

e »l lle 1 lloo , „2 T x r 11 , e 02 lle 2 Hoo 

— Ti — and \\Z 2 ■ TT||bmo < s —q: 2 —■ 


Proof. For * = 1,2 and z ■ W G BMO with \\z ■ W\\ BMO < 4 g.j 1? .| 
BSDE 


from Lemma |A. 11 the following 


Yf=C+ 9i\Z l s \ 2 ds + / di\z s \ 2 ds- Z\dW s 


( 4 ) 
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admits a unique solution ( Y l , Z l ) such that (Y l , Z l -W) £ S° 


xBMO and \\Z l -W\\ BM o < 
«2 lie 2 


Let M = j(z\z 2 ) : Hz 1 • W\\ B mo < ■ \\z 2 ■ W\\ BM o < "°° }• For (z\z 2 ) £ M, define 

I(z 1 , z 2 ) = (Z 1 , Z 2 ), where Z l is the second component of solution of equation d4j when z is replaced 
by z 2 for i = 1, and z 1 for i = 2. By assumption (i), it is easy to check that / maps M to itself. 

For (z 1 , z 2 ), (z 1 , z 2 ) £ M, let (Z 1 , Z 2 ) = 7(z\ z 2 ) and (Z\ Z 2 ) = /(z 1 , z 2 ). Denote 0Z 4 = Z* - Z*, 
Sz i = z i - z\ = Y i -Y i for * = 1,2. One has 


5Y' = j" T d 1 (Z] + Zl) SZlds + f 0r (z s 2 + z 2 ) Sz 2 s ds - ^ SZ\ 

= j t ^ 1 ( Z s + - J t SZ l 


dW s 


dW s 


where Wt := Wt — fg 9i (Zl + Z x s ) ds is a Brownian motion under the equivalent probability measure 
*jp = £t(&i ( z l + Zl) • W). Putting the second term on the right hand to the left hand, taking square 
and conditional expectation with respect to J~t and P and using Holder’s inequality, one obtains 



’ r T 



( ( T \ 2 


W^w + e 

J \ Sz l\ 2 ds 

F t 

< E 

f J tfi i z s + z l) Sz 2 s ds\ 

F t 


< |0i| 2 E 


(z 2 + z 2 ) 2 ds 



2 

( ( T V 


Ft 

E 


Ft 



[v* J 



W\\ B M04(P) 


ll z s ' W\\ B mo 4 (P)) H^s ' ^11 BMOi(P)- 


Hence, 

¥Z 1 -W\\ 2 BMO{P) <2\d,\ 

Lemma IB. 31 implies 

W6Z 1 ■ W\\ 2 bmo{P) < 2Li\d 1 \ 2 (||z 2 • W\\ 2 bmq(P) + HI? • W\\ 2 BMO{P) ) \\5zl ■ W\\ 2 BMO{Py 

Hence there exist constants C\ > 0 and C 2 > 0 given by Lemma fB. 21 with K = 2e £ ' 1 ^ such that 
dll sz 1 ■ W\\ BMO < 2L|c 2 |0 1 | 2 (||z 2 • W\\ BMO + ||z 2 • W\\ BMO ) \\5z 2 s ■ W\\ 2 BMO 
4Lfc 2 |0 1 | 2 e 2 ® a «« a 


< 


-\\5z s ■ W\\ BMO - 


Similarly there are C\ > 0 and C 2 > 0 for K = 2e e2 ^ 2 ll“ s.t. 

Assumption (ii) implies that I is a contraction mapping. ■ 

We finally state an existence result for the BSDE ([!]) where the coupling is only in the value 
process. We make the following assumptions: 

(H5) g : 12 x [0, T] x 1” x R” xd —> R” is predictable and g l (t, y, z) = g l (t, y, z 1 ), * = 1,..., n, for any 
y £ R", z 6 R nxd . There exist constants C > 0 ,9 > 0 and /3 > 0 such that 


\g(t, 0,0)| < C, 

\g(t, y, z) - g(t , y', z')\ <0\y-y'\ + 9(1 + |z| 
for all t £ [0,T], y,y' £ R" and z,z' £ R" xd . 


Z — £ 


5 



















(H6) ££ L°°(F t ). 

Theorem 2.3 If (H5) and (H6) are satisfied, then the BSDE JT]) admits a unique solution ( Y,Z ) 
such that Y is bounded and Z ■ W £ BMO. 


Proof. For any y £ <S>°°(R ra ), it follows from Kobylanski [12] that for any i = 1, ... ,n, the following 
BSDE 


Yf=C+ g i {s,y s , Z\)ds — 


ZldW R 


(5) 


admits a unique solution (Y®, Z l ) such that Y® is bounded and Z l ■ W £ BMO. Hence by defining 
I(y) = Y, where the *-th component of Y is given by the first component of solution of BSDE ©, 
I maps S°° (R n )(R n ) to itself. For y,y £ S°°, let Y = I(y) and Y = /(*/). Denote SZ i = Z i - Z\ 
8y = y — y, SY = Y — Y SY l = Y 1 — Y l for * = 1,2. One has 


SYj= / g i (s,y s , Z l s ) — g i (s,y s , Zl)ds — / dZ\dW s 


= 1/a, ^j) I/., -zj)+ - ^(a, i/., ^)ds - / S^.dW, 


= / b s 8Zi+ g\s,y Sl Zl) - g\s,y Sl Zl)ds - 


SZldW, 


where |6 S | < 0(1 + \Z l s \ + \Z l s \) implies b ■ W is a BMO martingale. By Girsanov’s theorem, Wt := 
Wt — Jo b s ds is a Brownian motion under the equivalent probability measure ^ = £x(b ■ W). Hence 


SY} = 




s,y s ,Zl)-g\s,y s ,Z\)ds- / dZ\dW s . 


Taking conditional expectation with respect to Tt and P and using condition (H5), one obtains 

|<5F t i |<(T-t)/3|| ( 5* / || 00 , [T _ t , T] , 

where ||<b/||oo,[r-t,T] := || sup T _ t < r .< T |<5*/ r |||oo- By setting A = we have on [T - S,T], 

Halloo, [T-S,T\ < ^ll^2/||oo,[T-i,T]- 

Thus I defines a contraction on [T — A, T}. Then BSDE ([1]) has a unique solution on [T — A, T] such 
that Y is bounded. Similarly, with T — A as terminal time and Yp-x as terminal condition, BSDE 
m has a unique solution on \T — 2A, T — A] such that Y is bounded. By pasting, we obtain a unique 
solution of BSDE ([]]) on [T — 2A, T) such that Y is bounded. Since A is a fixed constant, we can extend 
(Y. Z) to the whole interval [0, T] in finite many steps. Noting that for any * = 1 ,,n and t £ [0, T], 

V, z) = g\t , y, z l ) = g l {t, 0, z l ) + g l (t, y, z l ) - g l (t, 0, z l ), 


with Y £ iS°°(M n ), one has Z ■ W is a BMO martingale by using a similar argument as in Lemma fA.il 
Hence, for any i = 1,..., n and t £ [0, T] 

Yj = e+ f g\s, Y s ,Zi)ds - f ZldWs 


= C+ g i (s,Y s ,Z i s )-g i (s,Y s ,0)+g i (s,Y s ,0)-g i (s,0,0) + g i (s,0,0)ds- / Z\dW s 

Jt Jt 

= C+f VsZ i s +g i (s,Y s ,0)-g i (s,0,0)+g i (s,0,0)ds- [ ZldW s , 
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where |r 7 s | < 0(1 + \Z l s \) implies that y ■ W is a BMO martingale. By Girsanov’s theorem, Wt := 
Wf — f n y s ds is a Brownian motion under the equivalent probability measure = £r(b ■ W). Taking 
conditional expectation with respect to T t and P and using condition (H5), it holds 


M<nioc+£ 


< neiioo+^ 


0 , 0)1 + \g i (s, F s , 0 ) — g i (s, 0 , 0 )|ds 


Tt 


C + /3\Y s \ds 




Thus | Yf | < u t , where u t is the solution of the following ODE 

n -t 

u t = y liriloo + nCT + / n/3u s ds. 

i — 1 

It is easy to check that the unique solution to the preceding ODE is given by 

u t = fellflloo + nCT] e n ^ T ~ l \ 


Therefore 


\Yj\< Ell^H- + nCT e n/3(T_t) - 


Remark 2.4 Since Y is uniformly bounded, the previous result follows from the arguments in Hu and 
Tang m- For completeness, we give a detailed proof and state the bound for Y explicitly. 


3 Fully coupled systems 


In this section, we consider the general case where we have coupledness both in the value process 
and control process. For the sake of simplicity, we consider only 2-dimensional quadratic BSDEs, an 
extension to n-dimensions is straightforward. The two dimensional system of BSDEs is given by: 


Yf = C 




Y 1 Y 2 

> s ? A s J 


z],z\ 


' )ds -[ 


Z\dW s , te [0,T], * = 1,2, 


( 6 ) 


where g i : Cl x [0,T] x R 2 x R 2xd R is V ® £(R 2 ) ® £(R 2xd )-measurable by B{ R 2 ) and £(R 2xd ) 
denote the Borel sigma-algebra of R 2 and R 2xd respectively and where the generator is of the form 


^(s.J/Sj/ 2 .* 1 ,* 2 ) = P(s,z l ) +h l (s,y 1 ,y 2 ,z 1 ,z 2 ), i = 1,2. 


We consider the following conditions. If there is no risk of confusion we write y and z for the vectors 
( y 1 , y 2 ) and (z 1 , z 2 ) respectively. For each i = 1,2, there are constants C, 7 ,, ry, 9i , d,; > 0 and a*, /3, > 0 
such thalQ 

(Bl) C 6 

(B2) |/ i (i,* i )|<C' + 7i |* i | 2 ) 

1 When the growth of the generator is purely quadratic, C is allowed to be 0. 
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(B3) | f%z*) - f% z l )| < 6»i(l + |^| + I^DIz 4 - r|, 

(B4) | h l {t, y 1 , y 2 , z 1 , z 2 ) - h l (t, y 1 , y 2 , z 1 , z 2 )\ < au\y - y\ + i?j(l + \z\ + \z\)\z - z\, 
(B5) \h%y\y 2 ,z\z 2 )\<C + p i \y\+r li {\z'\ 2 + \z 2 \ 2 ). 


Theorem 3.1 Assume (B1)-(B5) and 

(i) (/3i+/3 2 )T<1. 

(ii) There exists S € (0,1) such that 


Di + D 2 < 


A 


27 i ? 7 i 2 77272 


1 

7i V 72 < ^ 4 , 

0 1 2 (T + 2D 1 )V0l(T + 2Z? 2 ) < i 

24c^T 2 


48afT 2 + 48c^T 2 + 


24 a 2 T 2 


1 - 726>f(T + 2Di) 1 - 726»|(T + 2L> 2 ) 


< 1, 


144r? 2 (T + 2(Di + £> 2 )) + 144tf 2 (T + 2(£>i + D 2 )) + 


72i? 2 (T + 2(L>i +D 2 )) 
1 — 72Q\(T + 2£>i) 


72tf 2 (T + 2(D 1 + D 2 )) 
1 - 726» 2 (T + 2D 2 ) 


where 


_ ||^||^+4CTAl + 2^ 1 TAl 2 + M 

1 1 - 2 7 iA 

||£ 2 ||^+4CTA + 2/3 2 TA 2 + M 

. Halloo + nioc + 4CT + ^ 

.— - 


1 -(Pi+fo)T 

Then the system of BSDEs (O has a unique solution ( Y, Z) such that 

Halloo < A and \\Z-W\\bmo<VDi+D 2 . 

Proof. Fix y £ l S°°(K. 2 ) and let z ■ W be a BMO martingale with 

Define the function I mapping (y, z ) to (Y, Z) where for each * = 1,2, ( Y l , Z l ) is the solution of 
Yf =e + £ f(s, Zi) + h^s, Vs, Zs)ds - J" T ZldWs. 

By Lemma [A. 11 the 1-dimensional equation ([6]) admits a unique solution (Y l ,Z l ) such that 

1*71 < liriloo + 2 C(T -t)+ ft(T - iJHylU + J- In -L-. 

27 i l-o 




















By Ito’s formula, 


i*?i 2 =iei 2 + [ T (2 YHf&zi) + - \ z i \ 2 )&- / T 2 Yiz\dw s . 

Jt Jt 


By (B2) and (B4) and since y and f are bounded, 

\Yj\ 2 < ||f IlL + ^THriU + 2ftT|| l ,|| 00 

+ ^ (2\\Y i \\MZl\ 2 + Vi \z s \ 2 )-\Zl\ 2 )ds -2 YiZidWs. 

By taking conditional expectation with respect to Tt on both sides of the previous inequality and 
using the BMO-norm of z ■ W, 


\\z l -w\\ 2 BMO < 


ni^o+4^11^*1100+2AT||y*|| 00 ||y|| 


7 i 


1 - 2 7i + 

Thus the set of candidate solutions is given by 

M := |(y, Z) : ||F||oo < A and \\Z ■ W\\ B mo < \ADi+A»} • 

Next we show that I : M —> M mapping (y.z) 1 —> (Y, Z) is a contraction. Let (Y, Z) = I (y.z ) and 
(Y, Z) = I(y , *). Then by Ito’s formula, 

I Yj - Yi\ 2 = [ T 2(17 - Y^ifis, Zi) + h\s , y s , z.) - f(s, Z 4 ) - h'(s, y s ,z s ))ds 


~ ] (Zl-Zl) 2 ds-J 2(Y:-Y s i )(Z t s -Zl)dW s . 

If we take conditional expectation with respect to Tt on both sides of the previous equation, the last 
term of the right hand side vanishes. If in the first term on the right hand side we extract the uniform 
norm of (Y — Y) to the outside of the expectation and then by Young’s inequality 2 ab < |a 2 + 46 2 , 
we obtain 


I Yl - Yl 


-E 


[Zi-Z\fds\T t 


< i ir-7 i iiL+4s 2 


I/*(s, Z\) + h l (s, y s , z B ) - f l (s, Z\) - h l (s , y s , 2 : s )|ds 


T 


Since 


|Y l - nif + ||(Z 4 - Z 4 ) • W\\ 2 bmo ) < ||Y® - Y 4 ||^ V ||(Z 4 - Z l ) • w\\ 2 bmo 


< ess sup < |y; - y;\ 2 + e 
rer 


(zi - zifds 


T t 
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it follows from Holder’s inequality and (a + b + c) 2 < 3(a 2 + b 2 + c 2 ) that 

1, 


\\Y'-Y'\\i 0 + \\(z'-z')-wr BMO 


< 8 ess sup E 2 
tGT 


I f(s, Zi) + h\s , y„, z a ) - f( Sl Zi) - h\s , y a , Z s )\ds 


Tt 


tGT 


r 

' r T 



' f T 


l E 2 

J 9i(i + \zi\ + \zi\)\zi - zi\ds 

A 

+ E 2 

J oa\y s -y s \ds 

A 


E 2 


J l?i(l + \z a \ + II) I- Z s \ds 


•A 


< 24a 2 T 2 ||y - y\\l + 72 Q 2 (T + 2A)||(A - &) • IY||| MO + 72t? 2 (T + 2(A + D 2 ))||(* - z) • W|| 2 BMO 
By assumption (ii), / is a contraction. ■ 

In the following theorem we obtain solvability of the system ([6]) under a slightly different set of 
conditions. 

Theorem 3.2 Assume (B1)-(B5) and 

(i) (Pi+f3 2 )T<l. 

(ii) 

A + D 2 < —- A 


471771 477272 


1 


Cl 


^A(l + -) + a 2 T 2 (l + -) 


Cl 


1 


Cl 


dfc 2 A(T + 2c 2 L\(Di + D a )) 1 + — + r 2 c. 2 Ll{T + 2c 2 A(A + A)) 1 + — < 


1 


ci J 12 v / 3 


where 

P 27i ||| 1 || 00 

A := — (1 + e 4 ^ CT + 2 ^/ 3 i TA ( 87 1 CT + 4 7 &TA + 1)) , 

^7i 

P 272||€ 2 ||«» 

A := 2 (1 + e 4 ^ CT+2 ^ TA {8j 2 CT + 4 7 2 p 2 TA + 1)) , 

^72 

nioc + ni=c+4 cr+^ + ^f 
1-(/3 i+/3 2 )T 

where ci,c 2 (resp. c\,c 2 ) are given by Lemma [B.2\ with K equals to 26b A (resp. 26 2 D 2 ), and 
A is given by Lemma \B.A 

Then the system of BSDEs ([6]) has a unique solution (Y, Z) such that 

||Y||oo < A and \\Z ■ W\\bmo < \/ A + D 2 . 

Proof. In order to obtain the set of candidate solutions 

M := |(Y, Z) : ||Y||oo < A and \\Z ■ W\\ bmo < VD 1 +D 2 } 
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we can argue analogously to the proof of Theorem 13.11 by applying Ito’s formula to the function 
u(x) = ( 2 ^p(e 27X — 1 — 2yx) by letting 7 = 7 i for each i = 1,2 as in Lemma lA.il Let / : M —>• M 
map (y, z ) to (Y, Z) where (Y®, Z l ) is the solution of 

(s. y s . z s )ds - J Z l s dW s . 


y? = e+ r(s,zi) + h 1 


For the contraction argument we need to proceed differently. Let (Y, Z) = I(y , z) and (Y, Z) = I(y , z). 
Defining AY = Y 1 — Y 1 and A Z = Z 1 — Z 1 , we obtain 


AY = 


J (f 1 (s,Zl) + h 1 (s,y SJ z a )-f 1 (s,Zl)-h 1 (s,y a ,z a ))ds- j AZ s dW s 
j (b s AZ s + h 1 (s,y 8 ,z s ) - h l (s,y a ,z s )) ds - AZ s dW s 


where b s < 9\(\ + \Zj\ + \Zl\) which implies already that b ■ W is a BMO martingale. By Girsanov’s 
theorem W t := W t — f b s ds is a Brownian motion under the equivalent probability measure = 
Erib-W). Hence 


AY = 


(h 1 (s,y s ,z s )-h 1 (s,y s ,z s ))ds-£ AZ s dW s . 


First taking square, second conditional expectation with respect to Tt and P on both sides of the 
previous equality, and third by Holder’s inequality and 2 ab < a 2 + b 2 , 


Tt 


|AY t | 2 + E J \AZ s \ 2 ds 

J (*- x (s, 2/s, - h 1 (s,y a ,Zs))ds 


= E 


Tt 



( r T \ 2 



( ( T \ 2 


< 2 a\E 

CO 

is* 

1 

CO 

Tt 

+ 2 d\E 

[j (1 + \z s \ + |z a |) \z s - z s \ds J 

T t 


<2a 2 {T-t) 2 \\y-y\\l 0 +2d 2 E 


1 = l\2. 


[ T 


j | z s - z s \ 2 ds 

T t 



(r T \ 2 


1 

2 

( r T \ 2 

~ 

<2a 2 (T-t) 2 \\y-y\\ 2 00 + 2d 2 E 

[J (1 + l^sl + \z s \) 2 ds J 

T t 

E 

\J \z s - z s \ 2 ds J 

T t 
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By Lemma IR3l and (a + b + c) 2 < 3 (a 2 + b 2 + c 2 ), it holds 


£ 


a 


5 |) 2 ds 




< 3V3E 


('T-t) 2 +( / |* a | 2 d* + 


2 ds 







1 

2 

( ( T \ 2 

< 3 s/ZE 

(T - t) 2 

ft 

+ 3 V3E 

(/ w2 *) 




?>\/?>E 


\z s \ 2 ds 


ft 


3-\/3 (t + \\z s ■ W\\ BMC>4 (p) + Iks • ^IIbmo 4 (p) 

Sv^ (T + L 2 ||, s • W\\ 2 BMO{ P) + L lP> ■ ^Hbmo(p)) 


and 


— Il(~ s ~ s ) • WWbmo^P) — -^4Ilk* 2 «) ' ^IIbmO(P)' 


& 


b y ks-^r^sj 

Therefore 

||Ay||L + ||AZ.W||^ 0(#) < 4a 2 T 2 ||y — y||^ 

+ 12 v / 3'd 2 L 2 (T + L 2 |k, • W\\l MO{P) + T 2 |k 5 • W|| 2 BMQ(B) ) ||(* 8 - z s ) • W|| 2 BMO(#) . 
For two constants c\ > 0 and C 2 > 0 given by Lemma TB.21 with K = 20iD\ , we obtain 
||y 1 -y 1 ||L+Ci||(^ 1 -^ 1 )-^lllMO<4a 2 T 2 ||y-y||L+12v / 3^ C 2^(T+2c 2 L 2 p 1 + J D 2 ))||k-z)-tF||| M0 . 

By a similar argument, we obtain 

||y 2 -? 2 ||^+ci||(Z 2 -Z 2 )-W|| 2 BMO <4a 2 T 2 || 2/ -y||^+12^ 2 c 2 L 2 (T+2c 2 L 2 ( J D 1+J D 2 ))||k-^).W|| 2 BM0 . 

By assumption (ii), I is a contraction. ■ 

Remark 3.3 When the generator is independent of the value process, we can consider unbounded 
terminal condition as in (Hi) of Lemma \A.l\ By the martingale representation theorem it holds that 


£ = E[£)+ [ v s dW s . 
Jo 


Thus Y t '■= Yt ~ is bounded and 


Y t = g(s, Z s )ds — / ( Z s -v s )dW s , t £ [0,T\. 

Jt Jt 

Applying ltd’s formula to <^(k|) = k| 2 an d <^(kl) = ( 4 ^,p (e 47 ^ — 1 — 4yk|) and by arguing similarly 
as in the Theorems ro and \3.2\ respectively. We obtain similar results as the ones we obtained for 
the bounded case. 
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A Auxiliary result for the one-dimensional BSDE 


In this section, we present an extension of Lemma 2.5 in [10]. We consider the following 1-dimensional 
BSDE 


Y t = Z + j lf(*,Ze)+ge]ds- J Z s dW s , te[0,T], 


(7) 


where / : fix [0, T] xl d R is a 7 ? ®B(R !i )-measurable function and g : fix [0, T] —> R is P-measurable. 
We assume that the function f(uj,t,z ) is continuous in 2 for P ® df-almost all (ui,t) £ fl x [0,T] and 
that there exist constants C > 0 and 7 > 0 such that 


< C + ^/\z\ 2 , for all 2 £ R d . 


Moreover, we consider the following conditions: 

(Al) There exists a constant 9 > 0 such that 

I/O. z) - /(•, z)\ < 9{ 1 + \z\ + \z\)\z - z\, for all z, 5 £ R d . 


(A2) E[e 2 ^ + £ 9sds| ] < 00. 

(A3) £ £ L°°(Tt) and |g| < \z\ 2 where z-W is a BMO martingale with \\z ■ W\\bmo < ^ 7 - 

(A4) — IS[£] is a BMO martingale with ||.E[£| IF.] — E[£\^bmo-i < ^ and |y| < \z\ 2 where z-W 

is a BMO martingale with \\z ■ W\\bmo < 

Lemma A.l 


(i) Assume that (A2) holds, then the BSDE ([7]) has at least a solution (Y, Z) such that 


-In E 

27 


e -27{+2 7 C(T-t)-2 7 / t T gsds\-p t 


<Y t < — In E 
" 27 


e 2 7 5+2 7 C(T-t)+27/ t T 9sds 



for all t £ [ 0 , T\. 

(ii) Assume that (AS) holds, then the BSDE 0 has a solution (Y, Z) such that Y is bounded and 
Z-W is a BMO martingale with 


||Z ■ W||bmo < 


otHCIIoo 

v^7 


L , p 2 7 ct / 2 t CT+^W^q ^ 
{ 1 - 2 7 ||- • W\\ 2 bmo )■ 


(9) 


(in) Assume that (Af) holds, then the BSDE 0 has a solution (Y, Z) such that Z-W is a BMO 
martingale. 

Moreover, suppose that (Al) holds, let ( Y,Z) solve the BSDE 0 where £ and f satisfy the set of 
conditions as in (ii) or (Hi), and £ > £ and f > f. Then it holds that Y t >Y t . In particular, under 
(ii) and (in) the solution is unique. 


Proof. 
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(i) By Theorem 2 in t3j, 


Yt= k + / 9sds + / f(a, z s )ds - / Z s dW s , i £ [0,T], 


admits at least a solution (F, F) such that 


-Ini? 

2 7 


= -27{+27C(T-i)-27 / Q T g 3 ds I j- 


< < — Ini; 

- 4 - 2 7 


3 2 7 {+2 7 C(T-t)+27/ 0 T jr 


Defining Ft := F t — f* g s ds, the pairing (F, Z) satisfies the BSDE © and F satisfies ©. 

(ii) Since i?[exp (27 z 2 ds)\Tt] < 00 for all t £ [0, T], by Lemma iBJl and £ £ L°°{Et) it follows 


from © that F is bounded by 

\Y t \ < ||e||oo + C(T-t) + ^ln 

For n > 1 let T n be the stopping time 


2 7 ^ 1 — 2^f\\z ■ W\\ 2 


( 10 ) 


BMO 


r n := inf > 0 : J e Al ^ Ys ^\Z a \ 2 ds > n| A T. 


Let u : R + 


be given by 


u (x) = - 1 - 2 ^)- 


Then u(| - |) is a C 2 -function on K, and by Ito’s formula 
“(l^tArJ) = u(\Y Tn \) 


/ tAr n 


u\\Y s \) S gn(Y s )(f(s,Z s )+g s )--u"(\Y s \)\Z s \ 2 )ds 


f u'(\Y s \)sgn(Y s )Z s dW s 

J tATr, 


where sgn(:r) = — l{x<o} + 1 {k>o}- Since u'(x) = i^(e 2lx — 1) > 0 and (u" — 2 r )u')(x) = 1 for 
all x > 0 and by the growth condition on / and (A3) it holds that 

u (l*tArJ) < u{\Y Tn \) 


u\\Y s \)(C+\z s 




I Z.rds 


- / u'(\Y s \)sgn(Y s )Z s dW s . 

J tArn 

By taking conditional expectation with respect to T f on both sides of the previous inequality, 
the last term vanishes whenever r„ < t. On the complement t < T n it is a martingale since it is 
a local martingale the quadratic variation process of which is bounded by definition. Hence we 
obtain a uniform norm of the left hand term for each n by (1101) and (A3) and thus the dominated 
convergence theorem yields 


-E 


\ZJ 2 dsE, 


< u(||£||oo) 


+ «' IKII00 + CT+— In 


2 7 1 — 2 7 ||z • W\\ 2 bmo 


(CT + \\z ■ W\\ 2 bmo ). 


14 











By taking the essential supremum over all stopping times in T to the left hand side of the 
previous inequality, we get the the following BMO-bound on Z ■ W: 


I Z ■ W\\bmo < 


s 7ll«l|o, 

v^7 


L , ^nr( ' 2 lCT + 2^-W^^ \ 

v i i - 27P • w\\ 2 bmo y 


(iii) By the martingale representation theorem, 

e = m + f 

Jo 


,dW„ 


for some v £ Ti 2 . By Lemma UTT1 it follows from ||i£[£ | J 7 .] — E[(;\\\bmOi < 157 that 


E[e 


4-riei 1 


p 4 7 iS[|«|] 


< 


I-WjWE^E.WIbmo, 


Combining the previous estimate with (0 we conclude that Y t '■= Y t — i£[£|.Ft] £ <S°°(R). 
Moreover, Y satisfies the following BSDE 

(/( s , Z s ) + g s )ds — J (Z s — v s )dW s , t £ [0,T]. 

Applying Ito’s formula to tp{\x\) = ^^(e 47 ^ — 1 — 4^y|cc|) and arguing as in (ii) (by using 
additionally the inequality (a — b) 2 > ife 2 — a 2 (0 we obtain for 0 < s < t < T 



V{\Y S \) = <p(N) 

+ ^ (y/(\Y a \)sgi(Y a )(f{8,Z a )+g a ) - ^"{\Y S \)\Z S - v^ds 

-J tp'(\Y a \)sgn(Y a )(Z a -v a )dW a 
< <P(\Yt \) 

+ £ (v'{\Y s \)sgn(Y s )(f(s, Z s ) + g s ) + (\Y s \)\v s \ 2 - ^p" {\Y a \)\Z a \ 2 ^jd,s 

- f tp'(\Y s \)sgn(Y s )(Z s - v s )dW s 

J S 

By a similar argument as in (ii), it holds that Z - W is a BMO martingale. 

(iv) Let A Y:=Y-Y and A Z = Z - Z. Then 


A Y t =i-£+ ( f(s , Z a ) - f(s, Z s ) + f(s, Z s ) - f(s, Z s ))ds - / A Z s dW s . 


We can find a predictable process b such that | 6 S | < 0(1 + \Z S \ + \Z S \) which already implies that 
b-W is a BMO martingale satisfying the following equation 

A Yt = £ — £ + f (b s AZ s + 


2 Indeed, (a - b) 2 - \b 2 + a 2 = 2 a 2 - 2 ab + \b 2 = 2(a - \b) 2 > 0. 


f(8,Z a )-f(8,Z a ))ds-J A Z s dW s . 
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Let W t := Wt — f* b s ds and define := £r{b ■ W). Then 

A Y t = £-Z + £ (f(s, Z s ) — f(s, Z s ))ds — 

By taking conditional expectation with respect to P and T t on both sides of the previous 
equation it follows that AY > 0. 


A Z s dW s , t e[0,T]. 


B BMO martingales 

In this section, we recall some results and properties of BMO martingales, for a thorough treatment, 
we refer to Kazamaki m For any uniformly integrable martingale M with Mq = 0 and p £ [ 1, oo), 
define 

\\M\\ B mo p := sup || E[(M) t ~ <M) T |5.F T ]S|| 00 . 

tGT 

We will use BMO p (P) when it is necessary to indicate the underlying probability measure, and just 
write BMO when p = 2. We recall the following results from the literature. 

Lemma B.l (John-Nierenberg inequalities) Let M be a local martingale such that Mq = 0. 

(i) If ||M||bmOi < 1/4, then for any stopping time r £ T 

£ [e x p(|M T -« T |) M < T - Ip L—. 

(ii) If ||M||bmo < 1; then for any stopping time r £ T 

E[exp(M T -M r) y r ] < 1 _ || j^ || | mo - 


Lemma B.2 For K > 0, there are constants ci > 0 and ci > 0 such that for any BMO martingale 
M, we have for any BMO martingale N such that \\N\\bmo(p) A K, 

c l||Af||SMO(P) ^ ll-^llBMO(P) — C 2||m|lBtfO(P) 

where M := M — ( M,N) and := £t(N)- 
Define 

_ . lb 1 , 2 i-l 

+ - 1 , *> 1 . 

By Lemma 2.4 in |10] , the constants in the previous lemma are given by 

1 

Cl 2~ 1 

t 4 ryp 
^2 q^p 

C'2=L i 2q cj, 

where 4 + 1 = 1 and 1 + 4 = 1 , C p and Cp are given by Lemma IB. 41 + 2 ? and L 29 are given by Lemma 
IB. 31 and p,p are constants such that 4>(p) > K and $(p) > K , where K = ^/2(q — 1) log(C p + 1). 
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Lemma B.3 Let 1 < p < oo. There is a positive constant L p such that for any uniformly integrable 
martingale M 

\\M\\bmO! < ||M|| BMO p < ip||Af|| B MOi- 
If p G N, L p is given by 8 • 2 1 / p (p\) 1 / p . 

Lemma B.4 Let 1 < p < oo. If \\M\\bmo 2 < ®(p)> then 

E [S T (Mf \T t ] < C p £ t (Mf 

for any stopping timer G T with a constant C p depending only onp. Indeed, C p = i_ 2 ( p -i)( 2 p-i ) 2 - 1 
with n(M) = 2||M|| BMOl + W\\ 2 BM02 . 
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